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Abstract
QCD sum rules for D and B mesons in a strongly interacting environment require the decomposition of Gibbs
averaged operators related to tensor structures. We present a procedure to decompose these operators into vacuum and
medium-specific parts, thus defining plain medium-specific condensates with coefficients vanishing in vacuum. Our
decomposition allows for an identification of potential elements of order parameters for chiral restoration, in particular
for higher mass-dimension quark-condensates which would be masked otherwise if operators with uncontracted Lorentz
indices would be linked to DIS amplitudes.
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1. Introduction
QCD sum rules [1, 2] represent a useful tool to get ac-
cess to hadron properties without cumbersome lattice
evaluations. Following Wilson’s operator product expan-
sion (OPE), a current-current operator is decomposed
into a series of basic operators and Wilson coefficients
thus separating short-range and long-range phenomena.
The expectation values of the basis operators are called
condensates, thought to be universal, and in [3] even
assumed to be intimately related to hadron wave func-
tions. According to [4, 5], the condensates change in a
strongly interacting environment. Since the condensates
are related to hadron spectral functions the properties of
low mass hadrons are therefore closely connected with
vacuum structure. Hence changes of hadron properties
in medium carry signals of the way the vacuum changes
in a nuclear environment [6].
The next-generation experiments at FAIR are going
to address the properties of charm (bottom) mesons in
nuclear matter [7], among other important issues. Mo-
tivated by this perspective we elaborate here an impor-
tant element of in-medium QCD sum rules for D and
B mesons (i. e. colorfree composites of a heavy and a
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light valence quark), especially for higher-mass dimen-
sion condensates, e. g. four-quark condensates, which
can potentially serve for constructing order parameters
for chiral restoration.
2. Operator product expansion
The causal current-current correlator reads generally
Π(q) = i
∫
d4xeiqx 〈〈T
[
j(x) j†(0)
]
〉〉T, µ , (1)
where 〈〈. . .〉〉T, µ means Gibbs averaging with Lagrange
parameters T (temperature) and µ (baryo-chemical po-
tential). The operators j reflect the quantum numbers
of the hadron under consideration. In vacuum, T = 0,
µ = 0, the Gibbs average reduces to the vacuum expec-
tation value. Note that the requirement of a continuous
transition to vacuum imposes constraints.
In a medium, which is supposed to be in (local) equi-
librium, the Lorentz covariance of the vacuum is broken.
In practice this implies a tensor decomposition with the
elements gµν (metric tensor), εµνλσ (Levi-Civita symbol)
and vµ (medium four-velocity), at least. Our goal here
is an easy formalism for identifying terms, both scalar
coefficients and tensor structures, being specific for the
presence of an ambient medium. In doing so we arrive
at structures with well defined vacuum expressions in
”turning off the medium”.
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In particular, we decompose quark expectation values
with a certain number of uncontracted Lorentz indices
to obtain only scalar quark condensates as coefficients.
This enables us to identify elements qualifying for or-
der parameters of chiral restoration. These would be
masked if one directly links the operators with uncon-
tracted Lorentz indices (cf. higher-twist operators) to
DIS amplitudes as often done (c.f. [8]).
3. Decomposition of Lorentz structures
Executing the OPE gives Gibbs averaged structures
〈O~µn〉, where ~µn is a short hand notation for a sequence of
n Lorentz indices and 〈. . .〉 is an abbreviation of 〈〈. . .〉〉T, µ.
Our goal is the suitable decomposition of the Gibbs aver-
age. The four steps to do so are:
(i) In vacuum, a complete tensor basis
vac
p j
~µn
has jmax
elements built up by gµν and εµνλσ mentioned above
yielding a decomposition
〈O~µn〉 =
vac
a j
vac
p j
~µn
, (2)
and the projection
vac
c j
′
= 〈O~µn〉
vac
p ~µn j
′
=
vac
a j
vac
p j
~µn
vac
p ~µn j
′
=
vac
a j
vac
P j j
′
n . (3)
Since the vacuum projection matrix
vac
P j j
′
n is symmetric
and invertible one obtains the eventual expression of the
decomposition coefficients
vac
a j =
(vac
P n
)−1
j j′
vac
c j
′
. (4)
(ii) In medium, the complete tensor basis is extended
by new elements, e. g., incorporating the medium’s four-
velocity vµ forming Pi~µn with imax > jmax, where the jmax
vacuum structures are noted first (cf. Eq. (18) exemplar-
ily). Thus, Pi
~µn
provides the decomposition
〈O~µn〉 = AiPi~µn , (5)
which can be split into a medium-specific part and the
above defined vacuum part:
〈O~µn〉 =
vac
a j
vac
p j
~µn
+
med
a k
med
p k
~µn
(6)
with
med
a k
med
p k
~µn
= AiPi~µn −
vac
a j
vac
p j
~µn
, (7)
i. e. when turning back to vacuum
med
a k
med
p k
~µn
= 0. Since
med
p k
~µn
is not known a priori and the splitting (6) remains
rather formal. However, the components Ai can be iden-
tified with combinations of scalar condensates. Details
of determining the Ai by projection are provided in [9]
for structures with up to five Lorentz indices. A disad-
vantage of the structure Pi
~µn
in (5) derived in [9] is, how-
ever, the uncomfortable mixing of vacuum and medium-
specific terms occurring for n = even.
(iii) Therefor, we here propose an alternative approach
based on the requirement
0 =
med
p k
~µn
vac
p ~µn j (8)
guaranteeing the desired splitting into vacuum and
medium-specific parts. Both approaches give the same
decomposition results, i. e. Eq. (7) is reproduced cor-
rectly for an arbitrary number of Lorentz indices. Eq. (8)
implies
0 =
(
AiPi~µn −
vac
a j′
vac
p j
′
~µn
) vac
p ~µn j , (9)
which facilitates jmax constraints on the coefficients Ai
and
vac
a j, i. e. obviously only imax of them are independent.
Substituting the obtained constraints
A j =
vac
a j −
imax− jmax∑
i=1
Ai+ jmaxP
i+ jmax
~µn
vac
p ~µn j
′
(vac
P n
)−1
j j′
(10)
in Eq. (5) allows for an identification of the medium-
specific part of the decomposition
med
a k
med
p k
~µn
which arises
solely form the medium.
(iv) The medium-specific part of the decomposition
has kmax = imax − jmax independent tensor structures and
the medium-specific projection analogous to (3) is
med
c k
′
= 〈O~µn〉
med
p ~µn k
′
=
med
a k
med
p k
~µn
med
p ~µn k
′
=
med
a k
med
P kk
′
n . (11)
Accordingly, the final expression of the medium-specific
decomposition coefficients reads
med
a k =
(med
P n
)−1
kk′
med
c k
′
. (12)
4. Example: operators with four Lorentz indices
According to Eq. (6), a Gibbs average carrying four
Lorentz indices, 〈Oµνλσ〉, reads
〈Oµνλσ〉 = vaca jvacp jµνλσ +
med
a k
med
p kµνλσ , (13)
2
with the vacuum decomposition structures
vac
p jµνλσ = (gµνgλσ, gµλgνσ, gµσgνλ) , (14)
since no structures containing εµνλσ are considered,
which are orthogonal to the ones presented here due to
total anti-symmetry. The inverse to
vac
P j j
′
4 , then becomes(vac
P 4
)−1
j j′
=
1
72
 5 −1 −1−1 5 −1−1 −1 5
 (15)
and
vac
c j
′
=
(
〈Oααββ〉, 〈Oαβαβ〉, 〈Oαββα〉
)
. (16)
Orthogonality of the medium-specific decomposition
structures to the vacuum decomposition structures (8)
implies
0 =
(
AiPiµνλσ −
vac
a j′
vac
p j
′
µνλσ
) vac
p µνλσ j (17)
with
Piµνλσ = (gµνgλσ, gµλgνσ, gµσgνλ,
gµνvλvσ, gµλvνvσ, gµσvνvλ,
gλσvµvν, gνσvµvλ, gνλvµvσ,
vµvνvλvσ) . (18)
The linear system of equations (17) yields the following
relations among the coefficients Ai and
vac
a j:
A j =
vac
a j − v
2
4
(
A j+3 + A j+6 +
v2
6
A10
)
. (19)
with j = 1, 2 and 3. Employing the relations (19) to
Eq. (5) gives an expression, where the vacuum decom-
position can be read off easily (cf. Eqs. (13) and (14))
and the medium-specific decomposition structures can
be identified according to (13) as
med
p kµνλσ =
(
gµνgλσ − 4gµν vλvσv2 , gµλgνσ − 4gµλ
vνvσ
v2
,
gµσgνλ − 4gµσ vνvλv2 , gµνgλσ − 4gλσ
vµvν
v2
,
gµλgνσ − 4gνσ vµvλv2 , gµσgνλ − 4gνλ
vµvσ
v2
,
gµνgλσ + gµλgνσ + gµσgνλ − 24vµvνvλvσv4
)
(20)
with corresponding coefficients
med
a k = −v
2
4
Ak+3 for k = 1, . . . , 6 , (21)
med
a 7 = − v
4
24
A10 . (22)
Equipped with the medium-specific decomposition struc-
tures
med
p kµνλσ we use(med
P 4
)−1
kk′
=
1
240

7 − 12 − 12 2 − 12 − 12 −1− 12 7 − 12 − 12 2 − 12 −1− 12 − 12 7 − 12 − 12 2 −1
2 − 12 − 12 7 − 12 − 12 −1− 12 2 − 12 − 12 7 − 12 −1− 12 − 12 2 − 12 − 12 7 −1−1 −1 −1 −1 −1 −1 43

(23)
and
med
c k
′
=(
〈Oααββ − 4Oααβγ v
βvγ
v2
〉, 〈Oαβαβ − 4Oαβαγ v
βvγ
v2
〉,
〈Oαββα − 4Oαβγα v
βvγ
v2
〉, 〈Oααββ − 4Oαβγγ v
αvβ
v2
〉,
〈Oαβαβ − 4Oαβγβ v
αvγ
v2
〉, 〈Oαββα − 4Oαββγ v
αvγ
v2
〉,
〈Oααββ + Oαβαβ + Oαββα − 24Oαβγδ v
αvβvγvδ
v4
〉
)
(24)
to arrive at the desired medium-specific decomposi-
tion coefficients (12). We emphasize that the medium-
specific part of the decomposition
med
a k
med
p kµνλσ corre-
sponds to the symmetric and traceless part of the Gibbs
averaged operator 〈STOµνλσ〉 with respect to Lorentz in-
dices (cf. higher-twist operators in ρ meson OPE [4, 8]).
The condensates listed in (24) illustrate the typical
structure of medium-specific condensates composed of
both vacuum and non-vacuum structures.
5. Numerical example for a selected four-quark
term
Extending the in-medium OPE of pseudo-scalar D and B
mesons (cf. [10] for some details) by four-quark conden-
sate contributions to mass dimension 6 yields the Gibbs
average 〈q¯γµ [Dν,Gλσ] q〉 contracted with combinations
of the meson’s four-momenta qµ and the metric tensor
gµν. Employing the decomposition as exercised in Sec. 4
its contribution to the OPE ater Borel transformation
reads
Π̂(M) =
1
3
e−m
2
Q/M
2
M2
1 + 12 m
2
Q
M2
 gvacc
+
1
6
e−m
2
Q/M
2
M2
1 − 12 m
2
Q
M2
 g (medc 1 + medc 2) . (25)
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Figure 1: Borel curves of the individual pseudo-scalar D meson OPE contribu-
tion containing 〈q¯γµ [Dν,Gλσ] q〉 in vacuum (red solid curve) and at saturation
density (dotted blue curve, zero temperature).
with
vac
c = g〈q¯γµtAq
∑
f
q¯ fγµtAq f 〉 ,
med
c 1 = 〈gq¯γµtAq
∑
f
q¯ fγµtAq f − 4v2 q¯γ
µ
[
(vD),Gµν
]
vνq〉 ,
med
c 2 = g〈q¯γµtAq
∑
f
q¯ fγµtAq f − 4v2 q¯/vt
Aq
∑
f
q¯ f /vtAq f 〉 ,
(26)
where the last two lines denote medium-specific conden-
sates which vanish in vacuum.
Due to the common problem of poorly known numer-
ical values of four-quark condensates we use (for the
purpose of demonstration only) the factorization ansatz
[11]. The Gibbs average of the resulting two-quark con-
densates at low temperatures in linear nuclear density (ρ)
approximation leads to
〈q¯γµtAq
∑
f
q¯ fγµtAq f 〉 = −49κ1(ρ)〈q¯q〉
2
0
(
1 − 2σN
m2pi f 2pi
ρ
)
,
(27)
〈q¯/vtAq
∑
f
q¯ f /vtAq f 〉/v2 = −19κ2(ρ)〈q¯q〉
2
0
(
1 − 2σN
m2pi f 2pi
ρ
)
,
(28)
where the quantities κ1,2(ρ) parameterize deviations from
the naively factorized result and may be density depen-
dent, which requires κ1(0) = κ2(0) to ensure vanishing of
the medium-specific condensate
med
c 2 in vacuum. For the
sake of simplicity we assume further (i) κ1(ρ) = κ2(ρ) = 1
and (ii) the density dependence of
med
c 1 is dominated by
the four-quark condensate part.
We employed the numerical parameters from Ref. [10]
for D mesons to obtain the Borel curves in Fig. 1 ex-
hibiting a significant difference of the contribution in
vacuum and at saturation density in the Borel window
around 1 GeV dictated by stability criteria of the D me-
son sum rule evaluation using condensates up to mass
dimension 5.
6. Conclusions
Motivated by large-scale experiments at FAIR, aimed at
investigating properties of charm (bottom) mesons in a
strongly interacting environment, we study in-medium
QCD sum rules for D and B mesons. The corresponding
OPE up to and including mass dimension 6 condensates
requires a suitable decomposition of operators with un-
contracted Lorentz indices ensuring the separation of vac-
uum and medium-specific contributions. The medium-
specific condensates appear as coefficients vanishing, by
definition, in vacuum. A specific example is provided
for the splitting into vacuum and medium-specific four-
quark condensates. Such four-quark condensates can
qualify as order parameters of chiral restoration [12, 13],
which would be masked otherwise. Thus, the avenue is
prepared for elaborating the QCD sum rule in an analog
manner as exercised previously for the ρ meson, where
four-quark condensates play a decisive role.
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